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Abstract 
Multiple small-angle neutron scattering was used to 
follow the evolution of the pore-size distribution in 
a-A1203 through the intermediate and final stages of 
sintering.-This new technique enables the study of 
microstructure in the 0.08-10 ttm size regime, which 
is the size range of importance for many materials 
systems, without needing to increase the resolution 
of currently available small-angle scattering instru- 
ments. The microstructure evolution results indicate 
a nearly constant effective pore radius for the alumina 
throughout the intermediate sintering stage, ranging 
from 0.19 ttm at 54% of theoretical density to 0-17 p.m 
at 79% dense. As the alumina densities further, there 
is a transition region after which the effective pore 
radius grows rapidly to ->0.6 ~m at 97.5% dense. 

1. Introduction 
Small-angle neutron scattering (SANS) is an impor- 
tant technique for the statistically significant evalu- 
ation of bulk microstructural parameters in materials 
containing dilute concentrations [where 'dilute' is 
represented by ~0/(1- tp)---q~ and tp is the scattering 
volume fraction] of scatterers between 10 and 1000 ~.  
However, the relevant structures in many physical 
systems, such as partially sintered ceramics, can- 
not readily be studied by SANS since the usual 
approximations are not valid for the larger sizes and 
more-dense structures present in these materials. To 
perform neutron scattering characterization of high 
technology materials as a function of thermal process- 
ing, it has become increasingly important to extend 
the range of particle-size determinations usually 
associated with SANS up to ---10 pLm and to be able 
to include the analysis of thicker and less-dilute 
[tp/(l -q~)> ~p] systems in which the coherent elastic 
differential scattering cross section is dominated by 
multiple scattering. These issues have been success- 
fully addressed by the multiple small-angle neutron- 
scattering (MSANS) formalism of Berk & Hardman- 
Rhyne (1985, 1988), which applies when multiple 
scattering arises solely from the compounding of 
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single-particle scattering events, meaning that there 
is no scattering component due to correlations 
between particles. Berk & Hardman-Rhyne refer to 
this type of scattering process as 'incoherent multiple 
scattering'. 

The central assumptions of the MSANS formalism 
are that the observed MSANS intensity is the result 
of incoherent multiple scattering from a randomly 
distributed monodisperse population of spheres com- 
prised of material of uniform density (i.e. containing 
no internal structure) and that the phase shift v that 
a plane wave undergoes in traversing a particle of 
radius R is within the range ---0-1 to 2. Effective 
(volume-weighted average) radii of the scatterers are 
extracted by measuring the wavelength dependence 
of the broadening of the scattering curves. 

An earlier study of microstructure evolution in 
porous silica as a function of thermal processing 
(Long & Krueger, 1989) demonstrated that MSANS 
and SANS can effectively be used together to cover 
the full range of relevant microstructure sizes. In this 
work, MSANS was used to follow the evolution of 
the pore-size distribution in a-Al203 through the 
intermediate and final stages of sintering. 

Knowledge of the microstructure evolution as a 
function of thermal processing is important for the 
development of process models in ceramics. The pro- 
cess models for both the silica (Kingery & Berg, 1955) 
and alumina (Coble, 1961) systems are comparatively 
well understood. Whereas porous silica is a glassy 
system which sinters by means of viscous flow, 
alumina is a polycrystalline system which sinters by 
means of volume and surface diffusion. The different 
sintering mechanisms should give rise to different 
microstructure evolution. Thus, these well character- 
ized materials can serve as model systems for the new 
MSANS technique. 

2. MSANS theory 
The interaction of neutrons with matter is character- 
ized by the phase shift ~, that a plane wave undergoes 
in traversing a particle of radius R. This phase shift 
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determines the shape of the single-particle differential 
scattering cross section, d2(Q) /d l2 ,  as a function of 
the scattering wavevector Q, where IQI = 2~re/A and 
e ,~ 1 is the scattering angle, v depends upon Ap, the 
contrast of the particle or void, relative to the scatter- 
ing matrix such that 

v = 2ApRA, ( 1 ) 

where Ap is written as 

A[3 = ~ ( b i / V )  - Pmatrix- (2) 
cell 

The bi are the coherent scattering lengths of the 
individual nuclei whereas Pmatrix is the average scatter- 
ing-length density of the matrix. Thus, the phase shift 
is directly dependent upon the material contrast (Ap), 
the dimension of the scattering particle or void (2R) 
and the neutron wavelength (A). 

If ~,,t 1 (the usual SANS diffraction regime), the 
measured scattered intensity can be described by the 
Born approximation (Porod, 1951; Weiss, 1951) of 
scattering theory or the Rayleigh-Gans model (Ray- 
leigh, 1910, 1914; Gans, 1925) of wave optics. For 
appropriately thin samples, the majority of the 
incident neutron beam is transmitted through the 
sample and the remaining neutrons are scattered only 
once before exiting the sample. The scattered intensity 
as a function of Q is independent of neutron 
wavelength and its shape near Q =0  depends only 
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Fig. 1. (a) Representation of an I ( Q ) v s Q  scattered-intensity 
curve arising from conventional small-angle scattering, illustrat- 
ing its wavelength-independent shape and the transmitted-beam 
region near Q=0.  (b) Representation of a typical set of 
I(Q) vs Q multiple small-angle scattered-intensity curves from 
a single sample, illustrating their wavelength-dependent shape 
and the empty-beam curve. 

on the particle dimensions. Fig. l (a)  represents a 
typical SANS scattering curve. The scattered intensity 
around Q = 0 cannot be measured directly because it 
lies in the same region as the transmitted beam, which 
is 10 3 tO 10 7 times more intense than the scattered 
beam. Therefore, a beamstop is usually employed to 
prevent the transmitted beam from reaching and thus 
damaging the neutron detector. For any particle 
shape, the particle size can be described by its radius 
of gyration Rg or Guinier radius (Kostorz, 1979) 
which is the same as the radius of gyration in 
mechanics and is obtained from an analysis of the 
small-Q portion of the scattered-intensity curve. The 
range for which the Guinier analysis is valid is defined 
by QRg --- - 1 . 2  (Kostorz, 1979). In addition, the ratio 
of the total scattering surface area to the volume of 
the sample in the neutron beam, S/IIb, can be 
obtained from an analysis of the large-Q portion of 
the scattered-intensity curve. In this region, the scat- 
tered intensity obeys the Q-4 Porod law (Kostorz, 
1979). An equivalent spherical radius can be deter- 
mined from the total scattering surface area. 

At the opposite extreme, when v ~, 1 (the multiple 
refraction regime), every particle scatters and the 
scattered intensity is derived from geometrical optics 
(von Nardroff, 1926). The shape of the scattering 
curve is independent of the particle radius and 
depends only upon the difference in index of refrac- 
tion between the scatterers and the matrix which, in 
turn, depends upon neutron wavelength as ;t 2. This 
regime is not pursued further here. 

When 1,---1 (the MSANS diffraction regime), the 
scattered intensity cannot be described by eitl~er con- 
ventional SANS diffraction or by multiple refraction. 
Scatterers with radii in the 0.1-10 ~m range generally 
undergo phase shifts of the order of 1 for the range 
of neutron wavelengths usually available for SANS. 
Since larger particles scatter more intensely than 
smaller ones, the likelihood of multiple scattering 
becomes greater (Berk & Hardman-Rhyne, 1988). 
Furthermore, the incidence of coherent scattering 
between larger particles is greatly decreased, meaning 
that the single-particle scattering cross section does 
not contain a component due to interparticle interfer- 
ence. Thus, in the MSANS diffraction regime, multi- 
ple scattering arises solely from the statistical com- 
pounding of numerous coherent elastic single-particle 
scattering events in which interparticle interference 
does not play a significant role (Berk & Hardman- 
Rhyne, 1985). 

A measure of the amount of incoherent multiple 
scattering is given by the parameter g (Berk & Hard- 
man-Rhyne, 1988), which is the sample thickness, z, 
divided by the statistical neutron mean free path 
length, I. 

~= z / l  = 1.5~z(zapX)2R, (3) 

where ~ is the volume fraction of scatterers. ~' is 
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related to the sample transmission as Ts = exp {-~}. 
Since Ap involves only coherent scattering lengths, 
can only be calculated from the measured sample 
transmission after correcting for absorption and inco- 
herent single-particle scattering, where applicable. A 
value of ~ = 0.0 means that there is no multiple scatter- 
ing. In practice, the data from SANS samples of finite 
thickness such that 0 <  ~'-< 1 always contain some 
multiple scattering which is either negligibly small or 
treated as a small correction to the single-particle 
scattering. In MSANS measurements, the amount of 
multiple scattering is copious and ~ typically ranges 
from 10 to 400. 

In the region of validity of MSANS, the intensity 
of the transmitted beam is immeasurably small and 
the width of the scattered intensity curve near Q = 0 
is broadened far beyond the broadening due to instru- 
mental resolution. The amount of beam broadening 
is dependent upon the incident neutron wavelength 
as illustrated in Fig. l (b)  where representative 
MSANS curves are shown for different wavelengths 
incident on a single sample. The intensities have been 
normalized such that I ( 0 ) =  1.0. In each case, the 
scattered intensities, I(Q), have a curvature, re, near 
Q = 0  and can be approximately described as a 
Gaussian with a width proportional to 3. 2. For large 
Q, there is a crossover to single-scattering Porod 
behavior (Berk & Hardman-Rhyne,  1985), where the 
cross section is proportional t o  Q-4. 

It is evident from (1) and (3) that the contribution 
of incoherent multiple scattering to the total cross 
section depends upon a balance of the parameters 
which define 1,, and ~. For a given neutron-scattering 
contrast and wavelength, (3) indicates that the 
amount of multiple scattering depends linearly upon 
the sample thickness and the radii of the individual 
scatterers. Therefore, even though in practice thick 
samples (0 .5-1 .0cm) are used to ensure copious 
multiple scattering, the MSANS formalism can also 
be applied to much thinner samples (0.1-0.2 cm) if 
the radii of the scatterers are sufficiently large. (From 
a practical standpoint, sample thickness can be 
chosen so that the wavelength dependence of the 
width of the scattering curve is easily observed within 
the range of available neutron wavelengths.) 

Although the wavelength dependence at small Q 
seems to be the same as that for the multiple refraction 
regime, the underlying mechanism is different. When 
v = 1, an effective radius, R~n(0), where the 0 refers 
to Q = 0, can be determined for the scatterers from 
the wavelength dependence of rc using the MSANS 
formalism represented in equations (2.12)-(2.15) of 
Berk & Hardman-Rhyne (1985, 1988). The 
dimensionless parameter rc[QR]=r~[Q]R, where 
[ . . .  ] means with respect to, is related to ~ via an 
empirical relation (Berk & Hardman-Rhyne,  1988) 

r~[QR]=O.926{~,lnO.85 ~}o.5 for ~>  5, (4) 

which approximates the theory to better than 0.1% 
when g > 10. 

The MSANS formalism in effect replaces the stan- 
dard Guinier analysis in the the small-Q region of 
I(Q) where R~er(0), rather than Rg, defines the size 
of the scatterers. When polydispersity is present, 
R~er(0) can be written in terms of the moments of an 
assumed particle-size distribution. For the small-Q 
regime, Reef(0) = (R4)/(R 3) (Berk & Hardman-Rhyne,  
1985), where the brackets denote the arithmetic 
average of the argument. Note that in the low-g limit 
the MSANS formalism no longer applies and the 
moments are expressed in terms of the Guinier radius 
of gyration such that R~ = [3(RS)/5(R6)] V2 (Kostorz, 
1979). If a similar relation for the effective radius can 
be found using the large-Q regime, then the average 
radius as well as the width of the size distribution 
can be found as shown below. 

The standard Porod analysis (Kostorz, 1979) can 
be applied to the large-Q region of I (Q) .  In this 
region, the scattered intensity can be written as 

I ( Q ) =  pQ-4+ B, (5) 

where P is Porod's constant and B is a background 
term. The normalized total surface scattering area per 
unit volume, S~ Vb, is determined directly from P. An 
effective pore radius, Re~(oo), where oo refers to the 
large-Q regime, is calculated directly from S/Vb 
assuming spherical scatterers. For polydisperse sys- 
tems, the moments of the size distribution are 
expressed as Reef(oo)= (R3)/(R2). If both R~er(0) and 
R,fr(oo) are known, (R) as well as the width,/3, of an 
assumed particle-size distribution can be determined. 

To apply the MSANS formalism to the analysis of 
scattering from a system of spheres containing no 
internal structure, (3) and (4) indicate that the sample 
thickness, the scattering volume fraction (which is a 
refinable parameter), the scattering-length density 
and the wavelength dependence of rc must be known 
in order to derive Ren(O). In addition, the constraints 
that g---10 and 0.1_< 1,,-<2 must be satisfied. When 

> 2, the scattering intensity falls into a crossover 
regime between diffraction and refraction. However, 
if ~? is sufficiently large, the MSANS formalism 
may even apply if u > 2  (Berk & Hardman-Rhyne,  
1988). 

The assumption that the scattering system is domi- 
nated by incoherent multiple scattering is extremely 
important since it means that the scattered intensity 
does not contain an interparticle interference term 
due to pair-pair  correlations between particles. Since 
the scatterers are so large, i.e. comparable in size to 
the mean free path length of the neutrons, there is 
no coherent scattering between particles. Thus, even 
a dense system of scatterers may be considered dilute 
from the perspective of MSANS even though ~/(1 - 
~)---~ does not apply. 
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Table 1. Alumina samples prepared from Baikowski 
CR6, 6 m 2 g-~ powder 

Thickness  Pore vo lume  % T D  
Sample  (cm) fract ion,  ~ Volumetr ic  M S A N S  

13-2 1.019 0.46 56-5 54 
13-3 0.988 0-35 67.0 65 
13-4 0-894 0.21 79.1 79 
13-5 0-914 0.15 85.4 85 
13-1 0.851 0.11 90.8 89 
13-6 0-852 0.075 94-6 92.5 
13-7 0.840 0-055 97.1 94-5 
13-8 0.804 0.025 98.9 97.5 

3. Alumina samples 

The samples were ~repared from Baikowski alumina 
powder (CR6, 6 m g- ), slipcast to an average green 
density of 53% of theoretical density (TD), where 
T D =  3.965 gcm -3. The slip consisted of 43.5 vol.% 
alumina powder mixed into water along with 0.5 wt% 
of a polyelectrolyte dispersant (Darvan C). The sus- 
pension was ultrasonicated for 15 min and allowed 
to set overnight before being poured into molds with 
Teflon rings on top of plaster-of-paris blocks. After 
55 min, the molds were removed from the blocks and 
sealed in a container overnight. The partially dried 
samples were then removed from the molds and 
sealed in containers for 2 d. The containers were then 
opened to the air for an additional 5-7 d before a 
series of oven-drying steps was performed as follows: 
2d  at 337K, l d  at 354K, l d  at 375K and l d  at 
389 K, after which a dry solid green body is obtained. 
In this fashion a family of eight nearly identical 
samples was prepared. 

During sintering, samples were removed one by 
one at different times from the furnace to yield 
examples of material between 56.5 and 97-5% TD. 
The characteristics of the alumina samples are listed 
in Table 1. Sample densities measured volumetrically 
as well as those determined from the MSANS 
measurements are given. The sintering time- 
temperature curve is shown in Fig. 2. Each circle 
represents a sample removed from the furnace and 
the number alongside each circle is the measured 
%TD. 

4. Neutron-scattering measurements 

Measurements were made at the 20 MW research 
reactor at the National Institute of Standards and 
Technology (NIST). The NIST SANS facility 
(Glinka, 1981; Glinka, Rowe & LaRock, 1986) makes 
use of a velocity selector to choose the mean incident 
wavelength of the neutrons, A, which have a 
wavelength spread AA/A =0.25. Copious neutron 
fluxes can be obtained in the wavelength region 
between 5 and 20 A due to a cryogenic moderator 
installed in the reactor core. The neutron beam is 
collimated with a 12 mm aperture which follows the 
velocity selector and an 8 mm aperture which pre- 

cedes the sample position. Scattered neutrons are 
detected by a 64 x 64 cm position-sensitive detector 
divided into 128 x 128 pixels. The data are circularly 
averaged to produce one-dimensional intensity, I (Q),  
vs Q curves. Intensities measured for Porod analysis 
were placed on an absolute scale by comparison with 
I(Q) from a calibrated silica-gel sample measured 
under the same conditions. 

The MSANS measurements were performed with 
no beamstop in front of the detector since the intense 
transmitted beam associated with conventional SANS 
measurements is absent. The absence of the beamstop 
ensures that the beam center can be found with high 
precision. With the center of the Gaussian precisely 
known, an accurate determination of the radius of 
curvature can be made. Measurement times ranged 
from 10min to 1 h, depending upon the neutron 
wavelength. At the shortest wavelengths, the incident 
neutron beam is attenuated as needed in order to 
avoid saturating the detector. For a given wavelength, 
the broadest scattered intensity curves require the 
longest measuring times in order to accumulate 
sufficient counts. 

5. Data analysis 

5.1. MSANS analysis 

MSANS measurements were performed on each 
sample at a minimum of five neutron wavelengths. 
The scattering curves exhibited the expected broaden- 
ing with increasing neutron wavelength as shown in 
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Fig. 2. Sintering t i m e - t e m p e r a t u r e  curve for  the a lumina  samples .  
Each circle represents  a s ample  r emoved  f rom the furnace  and  
the number alongside is the percent of theoretical density. 
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Fig. 3, where I (Q)  vs Q curves, normalized to I(0) = 
1.0, are plotted for the 85% TD sample. The features 
at Q-<0.005A -~, most obvious for the longer- 
wavelength data, are due to a change in detector 
sensitivity at the beam-center position. To avoid this 
region, Gaussian fits were made to each curve in the 
Q range beginning where the intensity is ---85-90% 
of I(0) and extending to ~45% of I(0). Below 40% 
of I(0), the scattering curves did not fit well to a 
Gaussian. 

For each curve fit, a radius of curvature is extracted 
from the standard deviation, or, such that re= 
(1/2tr) w2. Blank spectra, measured at each 
wavelength with no scatterer in place, are also fitted 
to  enable a correction for the instrument function 
(Hardman-Rhyne & Berk, 1985). Radii are extracted 
in each case from the empirical formula in (4) using 
(3) for Z These values are averaged to obtain an 
effective radius, R,n(O), for the scatterers in each 
sample. 

Finally, both R,n(O) and the scattering-volume 
fraction, (p, are refined simultaneously for each 
sample using a least-squares fitting method. Owing 
to the approximate nature of the empirical formula 
(4), the full numerical MSANS analysis describing r~ 
as a function of A, developed in (2.12)-(2.15) of Berk 
& Hardman-Rhyne (1985), is used in the refinement 
procedure. 

5.2. Porod analysis 

The scattering at large Q was measured for each 
sample with an incident neutron wavelength of 6 A 
and the detector offset to an angle of 3.5 ° . Sample 
transmissions were determined by dividing the total 
detector counts accumulated for each sample by the 
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Fig. 3. Measured MSANS I(Q)vsQ curves from the 85% TD 
alumina sample for eight neutron wavelengths. The curve for 
the empty-beam 'blank' was taken at A = 13 A. 
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total detector counts accumulated under the same 
conditions with no sample in place. This method 
yields the equivalent of a single-scattering sample 
transmission. Values between 0.87 and 0.97 were 
measured, which fall within the range expected for 
A1203 when no multiple scattering is present. 

Since the scattered intensity follows (5) in the 
Porod regime, both the Porod constant, P, and the 
background term, B, were found directly by making 
linear least-squares fits to IQ 4 vs Q4 curves for each 
sample. The largest possible linear region of the 
curves was fit. In each case, the maximum Q value 
was 0.16 A -l,  which is the largest Q value for which 
data were obtained. The minimum Q value ranged 
from 0.035 A -~ for the 97.5% TD sampleto 0.1 A -~ for 
the 54% TD sample. The ratio of the normalized 
total scattering surface area to the volume of sample 
in the neutron beam S~ lib is determined directly from 
P. With the assumption of spherical scatterers, Re,(oo) 
for the large-Q regime is also determined. 

6. Results and discussion 

The measured values of re[Q] (symbols) are plotted 
versus A in Fig. 4 along with the theoretical values 
(solid lines) determined using the MSANS formalism 
[(2.12)-(2.15) in Berk & Hardman-Rhyne (1985)]. As 
the scattering volume fraction decreases (i.e. the %TD 
increases), the calculated values of Re,(0) become 
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Fig. 4. Measured radii of  curvature (symbols) and the correspond- 
ing MSANS theoretical fit (solid lines) as a function of  neutron 
wavelength. The sample densities are those refined from the 
neutron-scattering measurements. 
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Table 2. M S A N S  results 

Neutron 
wavelength 

A (A) Pore radius ~ Ratio* 
Sample %TD Min. Max. l~a(0) (~m) Min. Max. Min. Max. 

13-2 54 6"0 9"9 0"20(1) 152 414 14 26 
13-3 65 6"0 9"9 0"19(1) 98 289 11 21 
13-4 79 6"0 10"9 0-170(5) 49 193 7 17 
13-5 85 6"0 13"0 0"18(I) 32 204 6 17 
13-1 89 7.0 14"2 0-23(2) 47 234 7 19 
13-6 92.5 9"9 14"2 0"32(3) 96 298 I I  21 
13-7 94.5 9"9 16-5 0"53(5) 73 248 9 19 
13-8 97"5 10"9 16"5 0.75(15) 40 126 6 13 

Phase shift 
u 

Min. Max. 
0"13 0"22 
0"12 0"21 
0"10 0"22 
0.09 0.28 
0.17 0.41 
0.35 0-66 
0.45 0.93 
0.53 1.10 

* Ratio = R e ~ ( O ) / R ~ ( 0 ) ,  where Rs(0) is the pore radius calculated assuming no mult iple  scattering is present.  

much more sensitive to small changes in the volume 
fraction, q~. For example, an uncertainty of 0.01 on 
the value ~p = 0.01 has a much greater effect on Ren(0) 
than the same uncertainty on the value ~p = 0.4. In 
these cases, the refinement procedure was especially 
useful as it allowed the simultaneous determination 
of ~p and Reff(0) values which best fit the rc vs h data. 
Values for the phase shift u ranged from 0.1 to 1.0, 
as shown in Table 2, which fall well within the allowed 
range for MSANS analysis. 

The slopes of the rc vs h curves are steepest for the 
intermediate-stage alumina samples, which have the 
largest pore volume fraction. These samples also have 
the largest ~' values and thus the largest amount of 
multiple scattering, even though the effective pore 
radii are smaller than those of the final-stage samples. 
In addition, the scattering intensities show beam 
broadening at smaller A values and the width of the 
Gaussian at Q = O  increases more rapidly with 
increasing A. 

When the pore volume fraction is small, as in the 
97.5% TD sample, ~, is correspondingly smaller and 
the slope of the rc vs A curves is much flatter. Since 
the amount of multiple scattering is much less in the 
denser samples, the scattered intensities must be 
measured using longer-wavelength neutrons for beam 
broadening to be observed. Without the cryogenic 
moderator, copious neutron fldxes at wavelengths 
beyond ---12/~ would not be available and the most 
dense samples could not have been measured using 
the MSANS technique. 

The refined value for the effective pore radius 
Re~(0), obtained from the data in Fig. 4, is listed for 
each sample in Table 2, along with the ranges of A, 
£, and ~,. Also listed is the ratio of Re~(0) to the 
equivalent'spherical radius R~ (0) calculated assuming 
that no multiple scattering is present, i.e. using the 
standard Guinier analysis to obtain R s and then 
assuming spherical scatterers to obtain Rs(0). 

The data points from Fig. 4 for all of the samples 
(circles) along with the empirical curve as given by 
(4) (solid line) are plotted as a function of ~ in Fig. 
5. The dimensionless parameter r c [ Q R ] i s  obtained 
by multiplying r¢[ Q] by the best Re~(0) value for each 

sample after refinement. The £, values for these 
samples range from 40 to 400, well within the range 
of validity of the empirical formula. Thus, excellent 
agreement with (4) is expected. 

A In (I)  vs In (Q) plot of the Porod data (circles) 
for the 85% TD sample is shown in Fig. 6. The fitted 
background term [see (5)] of 0.018(1) cm -1 was sub- 
tracted prior to plotting. The solid line is the linear 
fit to l n ( l )  vs In(Q)  in the range 0 .055<-Q-  < 
0-155A -1, where the slope was determined to be 
-4.02(2). The effective pore radius, Re~(~), and the 
minimum Q value used for the Porod fit are listed in 
Table 3 for each sample, along with the normalized 
total scattering surface area, S /Vb .  The normalized 
pore volume fraction ~o/(S/Vb)  and the number of 
pores per unit sample volume, N / V b ,  are also tabu- 
lated for each sample. 

The Ren(0) and Ref~(oo) values calculated from the 
MSANS and Porod measurements, respectively, are 
plotted in Fig. 7, along with those obtained using 
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Fig. 5. Combined plot of rc[QR] vs ~ for all samples at all neutron 
wavelengths measured. The solid line is the empirical formula 
(4). The data points are the products of the measured rc[Q] and 
the best-fit value for the effective pore radius, Re~(0), for each 
sample. 
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mercury intrusion porosimetry (Rootare & Prenzlow, 
1967) for the samples below 85%TD, where open 
porosity is expected. The MSANS determinations, 
which are weighted to the larger volume scatterers 
(Long & Krueger, 1989), indicate that the average 
pore radius for the distribution within the alumina is 
essentially flat, with a value of ---0.2 vLm, in the inter- 
mediate sintering stage and increases sharply to 
->0.6 ~m in the final stage. The large error bar on the 
value for the 97.5% TD sample is a consequence of 
the shallow slope in the rc vs A curve (Fig. 4). Since 
three local minima in the X 2 fitting parameter were 
found for Re,(0) values between 0.6 and 0.9 p.m, no 
single fit could be chosen as the 'best fit' to the 
MSANS formalism. An uncertainty in the pore 
volume fraction, ~0, of approximately 0.005 was also 
found from the fitting procedure. 

The R,~(oo) values determined from the Porod 
analysis are weighted to the particles with the smallest 
scattering surface areas. Although consistently lower, 
the R~(oo) values agree qualitatively with the R,,(0) 
values. The average pore radius remains nearly con- 
stant at a value of ---0.1 ~m throughout the intermedi- 
ate stage and increases to ->0.4 v.m in the final stage. 
The large error bar on R~(oo) for the 97.5% TD 
sample is mainly due to the uncertainty in ~p as 
determined from the MSANS analysis. 

The porosimetry results agree qualitatively with 
results obtained from both the MSANS and Porod 
analyses for intermediate-stage sintering. The 
observed quantitative discrepancies are expected 
since the MSANS and Porod radii are derived from 
a measure of all of the voids in the system, with 
MSANS radii weighted to the larger-volume and 
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Fig. 6. Porod data for the 85% TD sample plotted on a 
In (I) vs in(Q) scale after subtraction of the fitted background 
term [see (5)]. The solid line is the linear least-squares fit to the 
data in the range 0-055 -< Q-< 0.155 A -~. The fitted slope is 
-4.02(2). 

Porod radii weighted to the smaller-volume voids. On 
the other hand, the porosimetry radii mainly represent 
the size of the small necks between pores. 

Mercury intrusion porosime.try assumes that the 
largest pores are on the outside of the sample. This 
is important because the pressure required to fill a 
large pore is less than that required to fill a small 
pore. However, as the mercury penetrates a 
homogeneous sample consisting of a random distri- 
bution of necks and larger channel-like voids, a sig- 
nificant number of necks may be encountered before 
the mercury reaches the open channels. Since the 
neck size is measured at a higher pressure thtm that 
required for the open channel, the  mercury reaches 
the channel after the appropriate pressure to measure 
its size has been exceeded. Thus, large voids in the 
interior of a sample may not be measured, even if 
they form a majority population. 

The MSANS and Porod results for pore size assume 
spherical scatterers whereas the porosimetry results 
are obtained assuming cylindrical pore morphology. 
Yet the same trend in the evolution of the effective 
pore radius during intermediate stage sintering is 
reported in each case. This occurs because the average 
length of the cylindrical channels is - 1 0  Win, which 
is beyond the measurable range of even the MSANS 
technique. Thus, the pore channels can be effectively 
represented by strings of  spheres, with Re~(0) and 
Reff(oo) corresponding to the cross-sectional radii of 
the cylinders. Re~(0) is dominated by the larger- 
diameter and Reft(oo) by the smaller-diameter chan- 
nels in the size distribution. 

The important result of the MSANS, Porod and 
porosimetry measurements is that the effective pore 
radius remains constant through the intermediate 
stage of sintering. This is consistent with topological 
decay models of the intermediate sintering stage in 
which an interconnected pore network decays in a 
stable manner (Rhines & DeHoff, 1984). Throughout 
this stage, the network of interconnected channels 
decays such that the ratio ~o/(S/Vb), or pore volume 
fraction to surface area per unit volume of sample in 
the neutron beam, remains constant (DeHoff, Rum- 
mel, LaBuff & Rhines, 1966). Consequently, the pore 
channels become fewer while retaining a constant 
diameter as densification proceeds. This can easily 
be observed in Tables 2 and 3, which show constant 
R~(0),  Ref~(oo) and ~o/(S/Vb) values for the inter- 
mediate-sintering-stage samples. Also shown is the 
number of pores per unit sample volume ( N / V b ) ,  
which decreases sharply, as expected, as intermedi- 
ate-stage sintering progresses. 

Before the channels have disappeared altogether, 
a transition into the final sintering stage occurs in 
which the porosity becomes isolated. Pore isolation 
occurs because the channels rupture or 'pinch off' 
when they can no longer maintain their length while 
at the same time remaining stable against the increas- 
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Table 3. Porod results 

Pore radius 
Sample %TD Qmin (A-l) l~ef(c°) (Izm) 

13-2 54 0.10 0-091(1) 
13-3 65 0.09 0-108(1) 
13-4 79 0.07 0-108(1) 
13-5 85 0.065 0.120(1) 
13-1 89 0.055 0.154(1) 
13-6 92.5 0.045 0.185(1) 
13-7 94.5 0.04 0.298(2) 
13-8 97-5 0"035 0-44(9) 

Normalized Number of 
Normalized pore volume pores per 
surface a r e a  fraction unit volume 

Sl Vb* ~I ( Sl Vh) Nl Vb 
( x l 0 4 c m  -t)  ( x l 0 - 6 c m )  (x1012cm -3) 

15.2(2) 3.03(4) 147.0(27) 
9.7(1) 3.60(4) 66.0(5) 
5.83(3) 3.60(2) 39.6(48) 
3.74(2) 4.01 (2) 20.5(18) 
2-15(1) 5.12(2) 7.2(10) 
1.22(1) 6-16(3) 2.84(72) 
0.553(3) 9-93(4) 0.495(5) 
0.1623(4) 14.5(29) 0-08(3) 

* S~ Vh is the ratio of the total scattering surface area to the volume of the sample in the neutron beam, where the beam diameter is 0.9 cm. 

ing sintering force (Rhines & DeHoff, 1984). The 
isolated pores become more spherical, achieving radii 
which are greater than the cross-sectional radii of the 
original channels, yet are still within the MSANS 
range. As the number of isolated pores increases, their 
larger dimension increasingly contributes to the total 
scattering, until it finally dominates the measured 
MSANS intensities. Thus, as seen in Tables 2 and 3, 
R,er(0) and R~er(oo) begin increasing gradually as the 
transition from intermediate to final-stage sintering 
begins. Late in the final sintering stage, a more rapid 
increase in both Ren(0) and R,n(~)  is observed as 
the microstructure becomes dominated by isolated 
pores. 

7. Concluding remarks 

The multiple small-angle neutron-scattering tech- 
nique was successfully used to observe the transition 
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Fig. 7. Effective pore radii for the alumina samples as a function 
of percent theoretical density determined from the MSANS 
formalism from a Porod analysis and from mercury porosimetry 
measurements on the samples below 85% TD, where open 
porosity is expected. 

from one sintering stage to another in the 
densification of alumina. The effective radius of the 
pore-size distribution, as measured by MSANS, 
Porod scattering and mercury porosimetry, remained 
constant throughout the intermediate stage of sinter- 
ing, with a rapid increase measured by MSANS and 
Porod scattering as densification proceeds beyond 
85% of theoretical density. These results are consistent 
with sintering models which equate the intermediate 
stage with the stable decay of a topological network 
of channels and junction pores in the system. Before 
complete densification can occur, a transition into 
the final sintering stage takes place in which the 
porosity forms isolated spherical voids. The Porod 
and MSANS results for the radii of the final-stage 
voids agree qualitatively, indicating that the pore-size 
distribution does not broaden appreciably as its peak 
advances toward higher R values during late-stage 
densification. 

The agreement among the MSANS, Porod and 
porosimetry results concerning the constant value of 
the pore radius during the intermediate stage illus- 
trates that the MSANS formalism, as applied to the 
alumina system, is adaptable to the use of strings of 
spheres to describe cylindrical pore channels and is 
thus not limited by the restriction of isolated spherical 
scatterers. The quantitative differences between the 
scattering and the porosimetry results arise because 
the MSANS and Porod radii are derived from a 
measure of all of the voids in the system, with MSANS 
radii weighted toward the larger and Porod radii 
weighted toward the smaller voids. However, in a 
system consisting of a homogeneous distribution of 
pore sizes, such as alumina, the porosimetry radii are 
dominated by the size of the small necks between 
pore channels. 

As densification proceeds beyond 85% TD, the 
channels become pinched off and then the transition 
from an open pore network to isolated pores occurs, 
resulting in an increase in both Re~(0) and Re~(oo). 
Although even the largest pores are expected to begin 
to shrink by 95% TD (Johnson, 1990), the scattering 
results (Fig. 7) indicate that R,~(0) and R,~(oo) may 
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still be increasing at 97.5% TD. This suggests that 
discontinuous grain growth may be taking place. 
However, the large uncertainties in the scattering 
volume fraction, g,, and the effective radii, Ree~(0) and 
Re~(OO), preclude drawing firm conclusions. 

Although the final-stage samples were originally 
in tended for single-scattering SANS measurements ,  
it was found  that  even the 97.5% TD sample was 
within the limit of  appl icabi l i ty  of  the MSANS tech- 
nique. There was significant wavelength-dependent  
beam broaden ing  and even the smallest ~, value (~, = 
40) is well within the MSANS formalism. However,  
the fact that  q~ is so small means  that  the change in 
rc as a funct ion  of  h is small (see Fig. 4). This nearly 
fiat slope makes the ref inement procedure  difficult, 
resulting in large uncertaint ies  in the fitted Re~(0) 
and tp values. To improve the de te rmina t ion  of  Re~(0) 
during final-stage sintering, measurements  of  the 
higher-densi ty  samples are p lanned  with a high-resol- 
ut ion small-angle X-ray scattering ins t rument  (Long, 
Jemian,  Weer tman,  Black, Burdette & Spal, 1991). 
This ins t rument  can measure  the single-scattering 
intensities from pores 4-0 nm to 1.0 ~m in size and 
thus bridge the gap between those sizes which can be 
easily measured by convent iona l  SANS and MSANS 
techniques. 

This work was suppor ted  in part  by the US Army 
Research Office under  contract  no. MIPR ARO 102- 
90 and in part  by the Depar tment  of  Energy under  
grant no. DE-FG05-84ER45063.  
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Abstract 

The form of 36 rank 0, 1, 2 and 3 magnetic and non-magnetic 
physical-property tensors invariant under each of the 236 
subgroups of 6 ( Z ) / M ( Z ) M ( X ) M ( I ) I '  (Drhl ')  and each 
of the 420 subgroups of M ( Z ) 3 ( X Y Z ) M ( X Y )  1' (Oh 1') is 
tabulated. 

* Mailing address: 1701 Bern Road, Apartment B2, Wyomissing, 
PA 19610, USA. 

1. Introduction 

A vast amount of literature exists on the derivation and 
tabulation of the form of physical-property tensors invariant 
under the non-magnetic crystallographic point groups 
(Jahn, 1949; Nye, 1957; Birss, 1964; Wooster, 1973; Kopsky, 
1979a; Fumi & Ripamonti, 1980; Sands, 1982; and 
references contained in these sources). A wide variety of 
tensors and their physical interpretation is given by Sirotin 
& Shaskolskaya (1975). Recently, a computer-based 
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